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Effect of substance properties on the appearance and characteristics of repeated surface tensi
auto-oscillation driven by Marangoni force
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The effect of substance properties~solution viscosity and density, surfactant bulk and surface diffusion
coefficient, activity, and solubility! on the appearance and characteristics of surface tension auto-oscillation that
occurs by dissolution of a surfactant drop under the water-air interface is considered in the framework of a
simple mathematical model, taking into account the convection driven by the Marangoni effect and convective
diffusion together with adsorption/desorption processes at the air-water interface. Numerical simulations show
that apart from the Marangoni and Schmidt number, the system behavior is governed also by the exchange
number, which determines the surfactant exchange with the interface. The criterion for the instability onset in
a system with both normal and tangential~with respect to the interface! concentration gradient, the correlation
between the global and local Marangoni numbers, as well as a comparison with experiment are discussed.
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INTRODUCTION

The dissipative patterns arising by energy and mass tr
fer in systems far from equilibrium have been the subjec
scientific interest for many years. A canonical example
these is the Benard cells, which appear in thin liquid lay
by heating from below@1#. Other examples of dissipativ
structures can be found elsewhere@2#. Primarily theoretical
studies of the phenomena were performed on the basi
linear stability analysis@3–5#. It allows one to follow the
system behavior near the bifurcation point and to find
critical value of the control parameter~the Rayleigh number
for buoyancy-driven convective instability or the Marango
number for convective instability driven by the gradient
the surface tension!. For a more comprehensive study of th
dissipative patterns, especially far from threshold, nonlin
effects should be taken into account@6–8#.

There are, however, phenomena which can be unders
only in the framework of the nonlinear dynamics becau
just nonlinear effects are crucial for their development@9#.
An example is the nonlinear oscillations of the interfac
electrical potential and interfacial tension arising by the m
transfer through a liquid-liquid interface@10–16#. These os-
cillations can be a result of coupling of oscillating chemic
reactions at the surface with hydrodynamic instability aris
due to the Marangoni effect. But the contribution of each
these factors and the interaction between them has been
clear until now. Thus, there is no generally accepted mec
nism of oscillations, despite a large variety of experimen
investigations in this field, and one cannot predict in wh
other systems the resembling phenomenon may take pla

Auto-oscillation of the surface tension is a new, recen
discovered phenomenon related to nonlinear surface dyn
ics @17#. It can be observed by the dissolution of a surfact
droplet having limited solubility in water placed on the tip
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a capillary under the free water interface. The necessary
condition for the development of repeated oscillations is
limited extensions of the free interface. The systems in wh
auto-oscillations take place are very simple from a chem
point of view because of the absence of chemical reactio
A middle chain aliphatic alcohol or a fatty acid can be us
as a surfactant dissolving in water@18,19#. An example of
oscillation is given in Fig. 1. Similar oscillations were ge
erated at the water-nitrobenzene interface by the transfe
sodium dodecilsulphate~SDS! injected with a micro syringe
in a point of the water bulk far from the interface@20#.

On the basis of numerical simulations of the model s
tem evolution, the mechanism for the development of
peated surface tension auto-oscillations was proposed in
@21# and developed in Ref.@22#. The mathematical mode
describes the dissolution of a surfactant droplet situated
the tip of a capillary in a cylindrical vessel filled with wate
It takes into account the convection driven by the Marang
effect and convective diffusion together with adsorptio
desorption processes at the air-water interface. The geom
of the model system and the main features of the fluid fl

FIG. 1. Auto-oscillations of the surface tension in the syst
water-octanol~experimental results@19#!.
©2004 The American Physical Society07-1
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during the oscillation are demonstrated in Fig. 4. During
induction period~before first oscillation!, mainly diffusion
mass transfer takes place in the system@21,22#. The surface
motion due to nonuniform surfactant distribution forms t
convective roll rotating in the direction from the capillary
the wall on the surface@direct convective roll, see Fig. 4~d!#.
During the induction period, convection is too weak and
contribution to the mass transfer is negligible. At the sa
time, the increase of convective motion velocity leads to
increase of the surfactant supply to the surface, and there
to an increase of the normal and tangential concentra
gradients. The last causes a further increase of the sur
velocity. So there is a feedback in the considered system
can support the convective instability development. Wh
normal to the surface concentration gradient reaches
threshold value, the regime with predominance of diffus
mass transfer becomes unstable. Due to instability deve
ment, the system proceeds to the regime with predomina
of the convective mass transfer. In the absence of buoya
driven convection, the instability arises in the conside
system near the capillary where the normal concentra
gradient has a maximum~this region will be referred to be
low as the instability region!. Weak convective motion am
plifies rapidly and convection extends in the bulk and pro
gates in the radial direction. Surfactant is supplied from
bulk to the interface in the region near the capillary and th
convection spreads it over the whole interface. A sharp
crease of the surface tension is observed at this time.

When the concentration wave reaches the wall, the sur
tant accumulates here and the reverse surface concentr
gradient appears. It causes a decrease of the velocity of
vective motion in this region. At the same time, near t
capillary the surfactant is supplied to the interface and s
ports the direct concentration gradient here. Thus, the
rangoni force is directed to the wall near the capillary and
oppositely directed near the wall. Correlation of the conc
tration gradients near the capillary and near the wall de
mines the further evolution of the system. If the gradient n
the capillary is stronger, the opposite gradient disappe
with time, and a quasistationary convective regime with
locity slowly changing over time is established in the syst
@Fig. 4~d!#. In this case, the surface tension decreases
notonously after a single oscillation. Repeated oscillations
not develop in the system.

On the contrary, when the surface concentration grad
near the wall is large enough and is maintained durin
sufficiently long time, it causes the surface motion in t
direction from the wall to the capillary, i.e., the formation
the second convective roll, which rotates in the opposite
rection relative to the former one, in the system@as shown in
Fig. 4~a!#. Below, the second roll will be called the opposi
or reverse convective roll. This opposite roll can extend
the capillary region@as in Fig. 4~b!# and break the surfactan
supply from the droplet to the interface near the capilla
The convection fades at this time and the diffusion m
transfer becomes significant again@21#. The system returns
to the slow stage of its evolution, which is a precondition
the development of repeated oscillation.

The correlation of the direct and the opposite surface c
01630
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centration gradients and, as a consequence, the appearan
regimes with single or repeated oscillations, as well as
characteristics of auto-oscillations, depend on the system
ometry~mainly on the vessel radius and immersion depth
the capillary! and on the properties of the solute and solutio
The effect of the geometrical characteristics~radius and
depth of the vessel, immersion depth of the capillary, drop
size! was reported in Ref.@22#. The effect of the substanc
properties is discussed below.

MATHEMATICAL FORMULATION

The mathematical model and the numerical scheme u
in this study are the same as given in Ref.@21#. The model
system represents a cylindrical container filled with a visco
incompressible Newtonian liquid. The upper liquid surface
in contact with a passive gas. A cylindrical capillary with
spherical surfactant droplet on the tip is situated in the liq
so that the capillary axis coincides with the container ax
The density of the solution is supposed independent of
concentration, and, therefore, the buoyancy effect is
taken into account. The independence of the variables of
angular coordinate is assumed according to the experime
observations. The system evolution is described by Nav
Stokes, continuity, and convective diffusion equations rew
ten in terms of vorticity and stream function in cylindric
coordinates. By scaling the time, length, velocity, concen
tion, stream function, and vorticity correspondingly wi
L2/D, L, D/L, c0 , LD, andD/L2, the dimensionless form
of the governing equations is

]v
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1

]~vzv!
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r
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]r 2 1
]2c

]z2 1
1

r

]c

]r D50,

~3!

whereL is the characteristic length scale,D is the bulk dif-
fusion coefficient of the surfactant,c0 is the surfactant solu-
bility, t is the time,r is the radial coordinate,z is the normal
to the interface coordinate down directed withz50 on the
interface,v r andvz are the velocity components in radial an
normal to the interface directions, respectively,C is the
stream function, defined so thatv r5(1/r )(]C/]z) and vz
52 (1/r )(]C/]r ) , v5 (]v r /]z) 2 (]vz /]r ) is the vortic-
ity, Sc5 m/rD is the Schmidt number~diffusion Prandtl
number!, m is the dynamic viscosity of the liquid,r is the
liquid density, andc is the surfactant concentration.

In the initial state, the liquid is supposed motionless. T
dimensionless surfactant concentration is equal to unity
the droplet/water interface and is equal to zero elsewh
No-slip boundary conditions are used for the container w
and bottom, for the capillary, and the droplet surface. T
7-2
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gas-liquid interface is supposed nondeformable. The intrin
surface viscosity as well as the evaporation of the solu
are neglected. The diffusion-controlled adsorption kinetic
assumed. The surfactant mass balance on the free surfa
described by the equation

]G

]t
1

]~Gv r !

]r
1

Gv r

r
2

Ds

D S ]2G

]r 2 1
1

r

]G

]r D2NE

]c

]z
50

at z50. ~4!

HereKL andGm are the parameters of the Langmuir is
therm, Ds is the surface diffusion coefficient, andG is the
Gibbs adsorption scaled byc0KLGm . NE5L/KLGm is the
dimensionless parameter, referred to below as the exch
number. It determines the effect of surfactant exchange
tween the surface and bulk.NE→0 corresponds to the lim
iting case of an insoluble monolayer when the exchange w
the interface is absent.

The boundary condition for the vortex on the free surfa
is obtained from the tangential stress balance by using
Szyszkowsky-Langmuir equation for the surface tension
pendence versus surface concentration~adsorption!,

v5Ma
1

~12KLc0G!

]G

]r
at z50. ~5!

Here Ma5 RTc0KLGmL/mD is the Marangoni number,R is
the gas constant, andT is the temperature.

Four dimensionless characteristic numbers, namely
Schmidt number, the Marangoni number, the ratio of the s
face to bulk diffusion coefficients, and the exchange num
~the ratio of the characteristic length scale for the conside
system to the characteristic adsorption lengthKLGm), deter-
mine the system behavior. These characteristic parame
depend on the surfactant and the solution properties as
as on the temperature and the system length scale. The
putation domain is determined by the ratios of the syst
dimensions to the characteristic length. Thus, the depend
on the system geometric characteristics is also assumed
effect of the geometric characteristics on the developmen
the auto-oscillations of the surface tension is investigate
Ref. @22#. In the presented study, a system with invaria
geometry is considered: cell radiusR520 mm, cell height
H520 mm, capillary immersion depthh58 mm, capillary
radiusr c51 mm, droplet radiusr 051.5 mm, and character
istic lengthL520 mm. The values of the surface tension a
surface velocity, given in the next section, are calculated
the distancer 510 mm from the capillary axis. It is accepte
that Ds /D51 unless the other is not stated.

Initially the effect of the dimensionless characteris
numbers on the system behavior will be considered, and
the influence of the solute and solution properties will
discussed as well. It is noteworthy that the used dimens
less numbers are independent of each other. Therefore,
possible to vary each of them keeping the other const
Separately the role of the multiplier 1/(12KLc0G) 5(1
1KLc0c)uz50 , which appears in Eq.~5! and depends on th
parameterKLc0 , will be considered. In contrast to the cha
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acteristic numbers defined above, this multiplier depends
the radial coordinate and changes with time in accorda
with changes of the dimensionless concentration values.
effect of this multiplier will be discussed together with th
influence of substance properties.

For convenience, the results of calculations by discuss
of the characteristic number effect are presented in dim
sional form for the values of time, velocity, and surface te
sion, accepting the following values of the surfactant char
teristics ~corresponding to the properties of the syste
octanol-water!: solubility of the surfactantc053.4 mol/m3,
parameters of the Langmuir isothermKL53.23 m3/mol,
Gm56.631026 mol/m2, and volume diffusion coefficien
D56.7310210 m2/s. The values of the dimensionless p
rameters for the octanol-water system~solution densityr
51 g/cm3, solution viscositym50.01 g/cm/s, temperatur
T5298 K) are Sc51500, Ma55.43109, andNE5940.

The numerical simulation was performed on the basis
the finite-difference method. Equation~2! was solved by the
Gauss-Seidel iterative method. The two-point forwa
difference approximation is used for equations of vortex a
solute transfer. Convergence of the numerical scheme
the proper grid resolution was implemented by comparis
of the simulation results for different grids@21#.

RESULTS AND DISCUSSION

Schmidt number

The Schmidt number~diffusion Prandtl number! deter-
mines the correlation of viscous and inertial terms in t
Navier-Stokes Eq.~1!. The lower the Schmidt number is, th
less is the change of the bulk vorticity values caused b
given driving surface force. That means that a decreas
Schmidt number leads to a weakening of the feedback
tween the concentration gradients and the intensity of c
vective motion in the considered system, and, therefore,
decrease of the achieved velocities and of the amounts
surfactant supplied to the surface. On the other hand,
means that the formation and expansion of the reverse
vective roll will be more difficult at small values of th
Schmidt number because of the large inertia of motion in
direct convective roll. Thus, one can expect that at Schm
numbers less than a certain critical value, the repeated o
lations do not appear in the considered system. These
sumptions are confirmed by the performed numerical sim
lations. Some calculated characteristics of oscillations
different Schmidt numbers are presented in Table I.

As discussed in the Introduction, the diffusion mass tra
fer dominates during the induction period. The change
Schmidt number influences only the development of conv
tive motion in the system. That is why the induction period
practically independent of the Schmidt number. The ind
tion period decreases only very insignificantly with an i
crease of the Schmidt number in accordance with an incre
of the velocity.

The maximum of the surface velocity and the oscillati
amplitude increases with an increase of the Schmidt num
as was expected. It was established by a study of the sys
geometry effects on the auto-oscillations development tha
7-3
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TABLE I. Dependence of the auto-oscillation characteristics on the Schmidt number (Ma55.43109,
NE5940).

Sc
Induction

period ~min!
Oscillations

period ~min!a

Oscillations
amplitude
~mN/m!b

Maximum
positive velocity
value ~mm/s!b

Maximum
negative velocity

value ~mm/s!b

150 31.7 2.7/ 4.1/
300 31.5 42 3.2/2.8 4.7/0.57 0.006/0.0135
600 31.4 38 3.7/3.1 5.7/0.67 0.017/0.0165
1500 31.3 36 4.3/3.5 7.4/0.79 0.013/0.0177
15 000 31.2 38 5.2/4.1 12.9/0.97 0.011/0.0174

aThe mean value for the third to sixth oscillations.
bNumerator, for the first oscillation; denominator, the mean value for the third to sixth oscillations.
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large enough values of the surface velocity in the direct r
the reverse surface concentration gradient, induced nea
wall, becomes insufficient to overcome the inertia of the c
vective motion directed from the capillary to the wall. Thu
the maximal value of the negative surface velocity, reac
in the reverse roll after the first oscillation, decreases with
increase of positive velocity in the direct roll, and, at a c
tain value of positive velocity, the reverse convective r
does not reach the capillary. The system passes from
regime with repeated oscillations to those with only a sin
oscillation. The reverse convective roll does not appear a
by a further increase of the maximum surface velocity.

The results of numerical simulations show that an
crease of positive velocity due to an increase of the Schm
number, similarly to the case of the geometry change, ca
a decrease of negative velocities achieved in the reverse
vective roll for large enough velocities (Sc5600– 15 000 for
the first oscillation, Sc51500– 15 000 for the following os
cillations!. But according to reinforcement of the feedback
the system, this decrease is rather slow, and one could ex
that there is no maximum critical Schmidt number. At t
same time, the effect of a feedback weakening is more
portant than the effect of a positive velocity decrease, a
therefore, there is a minimal critical value of Schmidt nu
ber below which only a single oscillation appears in the s
tem.

During the fast stage of the system evolution, a la
amount of the surfactant is spread over the surface. A
result, the concentration at most of the surface beco
larger than the concentration in the underlying bulk soluti
The exception is only a small area near the capillary wh
the surfactant is supplied to the surface. The amount of
supplied surfactant is determined by the velocity of the b
convection. The decrease of the velocities leads to a decr
of the surfactant supply to the surface due to convection.
decrease with time of the bulk velocity is defined by t
Schmidt number. The analysis of the numerical results
plays that the bulk velocity decreases practically with
same rate as the surface velocity for Sc515 000, however it
decreases much slower for smaller Schmidt numbers.
example, in the time interval when the surface velocity at
point with coordinater 50.225 cm decreases ten times, t
bulk velocity in the pointr 50.225 cm, z50.225 cm de-
creases only three times for Sc5150. That is why the surface
01630
l,
the
-

,
d
n
-
l
he
e
ll

-
dt
es
n-

ect

-
d,
-
-

e
a

es
.
e
e

k
se
e

s-
e

or
e

concentration gradients in the capillary region decrease m
more slowly with time at small Schmidt numbers. That lea
to a delay of the surface velocity decrease in the direct
~Fig. 2!. As a result, the positive tangential concentrati
gradient and the maximum positive surface velocity at
moment, when the reverse roll appears, are larger when
Schmidt number is smaller~for example, the positive surfac
velocity by appearance of the reverse convective roll for
5150 is two times larger than for Sc515 000). Therefore, a
a small enough value of Schmidt number, the reverse c
vective roll cannot overcome the convective motion direc
from the capillary to the wall, and repeated oscillations
not appear in the system.

It should be noted that the critical value of one of t
dimensionless parameters depends on the others. For
ample, when the aspect ratio of the system~ratio of the cell
radius to the capillary immersion depth! decreases from 2.5
to 2, the repeated oscillations appear also for Sc5150. Thus,
the decrease of the aspect ratio of the system leads
decrease of the critical value of the Schmidt number, a
correspondingly, the decrease of the Schmidt number le
to a decrease of the critical aspect ratio. The decrease o

FIG. 2. The surface velocity vs time during the first oscillatio
for different Schmidt numbers: 1, Sc515 000; 2, Sc51500; 3, Sc
5600; 4, Sc5300; 5, Sc5150. The distance from the vessel ax
r 51.875 cm.
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TABLE II. Dependence of the auto-oscillation characteristics on the Marangoni number (Sc51500,NE

5940).

Ma
Induction

period ~min!
Oscillations

period ~min!a

Oscillations
amplitude
~mN/m!b

Maximum
positive velocity
value ~mm/s!b

Maximum
negative velocity

value ~mm/s!b

5.43107 48.4 44 6.8/4.1 1.5/0.74 0.017/0.0196
5.43108 38.3 38 5.5/3.6 3.5/0.79 0.014/0.0184
5.43109 31.3 36 4.3/3.5 7.4/0.79 0.013/0.0177
5.431010 26.2 35 3.5/3.4 13.8/0.79 0.011/0.0163

aThe mean value for the third to sixth oscillations.
bNumerator, for the first oscillation; denominator, the mean value for the third to sixth oscillations.
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Marangoni number also leads to a decrease of the cri
value of the Schmidt number.

Marangoni number

The Marangoni number appears in the nondimensio
form of the surface tangential stress balance equation~5!. It
determines the velocity change due to the tangential con
tration gradient at the surface. The Marangoni number in
duced above is written in the form that does not include
concentration gradient. Actually the ratio of the surfacta
solubility to the characteristic length scalec0 /L replaces
it. Thus the Marangoni number in the form M
5 RTc0KLGmL/mD describes the system as a whole a
does not account for the fact that concentration gradient
the considered system are functions of the coordinates
time @c5c(r ,z,t) and ¹c5¹c(r ,z,t)]. It controls the
‘‘macroscopic’’ system behavior, i.e., it determines the p
sibility of repeated oscillations of surface tension and th
characteristics. Dependence of the oscillation characteris
on the global Marangoni number is given in Table II. R
peated oscillations exist in all ranges of the studied par
eter values~simulation of the system behavior by the larg
values of the Marangoni number was not performed beca
of the convergence problems of the accepted numer
scheme!. The global Marangoni number affects both the o
cillation period and the amplitude. Its influence is especia
strong for characteristics of the first oscillation. To und
stand these dependences, let us consider the system evo
in more detail.

As a rule, the appearance of instability by heat or m
transfer through the liquid/liquid interface is considered
the presence of temperature or concentration gradients
normal to the interface. It is well known@1–3# that in this
case, the diffusion regime can become unstable~because of
feedback between the temperature or concentration grad
and velocity growth!, and the system passes to the regi
with more intensive convective mass transfer. Such a tra
tion takes place when a concentration gradient exceed
certain threshold value. The threshold value depends on
system geometry and the substance properties. When
Marangoni effect~appearance of the convective motion d
to a gradient of the surface tension! is the driving force for
the instability by solute transfer, the value of the Marang
01630
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number Ma5 (L/mD)(]s/]c)gradc determines the onset o
instability.

The system presented here differs from that descri
above by the presence of both the component normal to
surface and the tangential component of the concentra
gradient. Besides, the concentration distribution and, the
fore, the concentration gradients in the system change w
time and are nonuniform in space. Convection develops
this system already in the induction period due to the tang
tial surface concentration gradient, but this convection
very slow and its contribution to the mass transfer is ne
gible @21#. Thus, during the induction period, the state of t
system can be characterized as a quasistationary conve
regime with a predominance of diffusion mass transfer.
abrupt decrease of the surface tension in the system is
companied by fast convective motion with a predominan
of convective mass transfer. The system transition from
regime with a predominance of diffusion mass transfer to
regime with a predominance of convective mass transfer
curs due to the rise of instability. It is clear from the ve
sharp increase of the surface velocity after a long period
its relatively slow increase, as illustrated by Fig. 3~a!. The
dashed line shows the increase of velocity in the absenc
instability. The instability can only arise in the consider
system similarly to the classical examples if the normal c
centration gradient near the surface is large enough to
port the fast growth of the tangential concentration gradi
at the surface and, consequently, the fast growth of the
face velocity. The Marangoni number can be taken as a
terion of instability. However, in the considered system t
normal concentration gradient near the surface depend
the radial coordinate. Thus the introduction of a local M
rangoni number is needed. Presenting the derivativeds/dc
in explicit form, it can be written

Malocal5
RTKLGmL2

mD

] c̃

] z̃U
z̃50

5
RTc0KLGmL

mD

]c

]z

5Ma
]c

]zU
z50

, ~6!
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where] c̃/] z̃ is the dimensional and]c/]z the dimensionless
concentration gradient. It is seen that the so-defined par
eter Malocal is not a number for the considered system, a
varies with the radial coordinate and time. Malocal has a
maximum in the capillary region. That is why the instabili
begins to develop here. The critical value of this parame
depends on the concentration gradients in other points o
surface as well as on the velocity distribution over the s
face. During the induction period, the convective fluxes
the system are rather small in comparison to diffusional a
therefore, the influence of the convection on the surfac
distribution is also small. Thus, it can be supposed that
critical value of the parameter Malocal depends only weakly
on the global Marangoni number at least at the onset of
first oscillation.

To prove this assumption, first a convenient criterion
the time moment of the instability onset in the conside
system should be chosen. The difficulty in establishing s
a criterion is caused by the presence in the system of incr
ing convective motion due to the tangential concentrat
gradient. The instability development leads to a rapid
crease of Malocal and to very large values of the velocit

FIG. 3. Convection in the system during the induction per
and the onset of instability:a, time dependence of surface veloci
for Ma55.43109; b, time dependence of the velocity growth rat
1, Ma55.431010; 2, Ma55.43109; 3, Ma55.43108; 4, Ma
55.43107.
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growth rate because of the existence of a feedback in
system. At the same time, near the threshold the growth
of the velocity due to instability is still close to zero an
cannot be separated from the growth rate of the stable c
vective motion. The time moment of the instability ons
however, can be estimated due to the fact that the growth
of the stable convection in the considered system decre
with time. The time dependences of the velocity growth r
for the Ma values given in Table III are presented in F
3~b!. Obviously time moments of the curves minima can
accepted as estimated~from above! values for the instability
onset. The corresponding values are given in Table III.

It is seen from Table III that indeed the critical values
the local Marangoni number depend rather weakly on
global Marangoni number. Therefore, the larger the glo
Marangoni number is, the less is the normal concentra
gradient desired for the instability onset and the less is
induction period. Note that the values of the induction per
given in Tables I, II, and IV correspond~in accordance with
the terminology of the experimental study! to the appreciable
change of the surface tension, which is conveniently cho
here at the level 1023 mN/m. Comparison oft inst and induc-
tion period~Tables III and II! shows that for larger Ma value
the instability develops more rapidly and leads more quic
to the noticeable change in the surface tension. It is notew
thy that the maximum achieved by Malocal during an oscilla-
tion is some order larger than its critical value. It causes la
values of the growth rate, which lead to sharp velocity pe
@cf. Fig. 6~b! below#.

The system behavior during the second and following
cillations is more complicated. The oscillation period can
divided into four stages~starting from the moment of the
surface velocity maximum!: ~i! a decrease of the surface v
locity and a rise of the reverse convective roll and its ext
sion to the capillary;~ii ! a building~mainly due to diffusion
from the drop! of normal concentration gradient near th
surface sufficient to stimulate growth of the velocity in th
direct convective roll;~iii ! growth of the velocity in the di-
rect convective roll, accompanied by its extension to the w
and reducing the reverse convective roll;~iv! fast velocity
growth after a disappearance of the reverse convective
Let us consider the relative duration of the various stag
taking as an example the fourth oscillation~the period of the
fourth oscillation changes from 35 to 45 min depending
the Marangoni number!. The first stage lasts nearly 5–6 m
independently of the Marangoni number. Hydrodynamic b
havior of the system during this stage is clear from Fig.
Figure 4~a! displays the appearance of the reverse convec

TABLE III. Dependence of the time of instability onset an
critical values of the local Marangoni number on the global M
rangoni number of the system.

Ma t inst ~min! Malocal ~critical!

5.43107 39.0 440
5.43108 31.4 580
5.43109 25.9 700
5.431010 21.9 820
7-6
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FIG. 4. Streamlines distribution in the bulk during the oscillation period~for details, see text!. The computational domain represents t
radial section of a cylindrical vessel with capillary and surfactant droplet.
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roll near the wall, and Fig. 4~b! corresponds to the momen
when it is already extended to the capillary. The larger Ma
the smaller is the velocity maximum reached in the reve
roll ~Table II!. The time needed to build up the normal co
centration gradient near the capillary sufficiently to cause
surface velocity growth, i.e., the second stage, is rather s
as compared to the oscillations period~about 3 min!, and is
practically independent of the Marangoni number. T
stream lines distribution during this stage corresponds to
given in Fig. 4~b!. The convective motion in the system
the most weak at this time. The smaller the Marangoni nu
ber is, the smaller is the minimum of the positive surfa
velocity value near the capillary.

The third stage is the longest. During this stage, the
locity on the part of the surface, involved in the positive ro
increases very slowly because of the interaction with the
verse roll. The system passes from the dynamic state
sented in Fig. 4~b!, through the state presented in Fig. 4~c!, to
the state presented in Fig. 4~d!, where only the direct con
vective roll remains. The duration of the third stage increa
from about 25 min for Ma55.431010 to about 35 min for
01630
,
e

e
rt

e
at

-
e

-

-
e-

s

Ma55.43107 due to a decrease of the positive surface
locity minimum and the tangential stress with a decrease
the Marangoni number. Thus, the decrease of the oscilla
period with an increase of Ma is due to a quicker extens
of the positive and contraction of the negative convect
roll.

After the disappearance of the reverse convective roll,
velocity in the direct roll increases rather quickly to th
maximum value. This stage of the oscillation period is rath
short ~about 2 min! and is independent of the Marango
number. As the total time of the velocity growth decreas
with an increase of Ma, it appears that the maximum of
velocity value is practically independent of the Marango
number~Table II!.

Data given in Table II show that the oscillation amplitud
increases with a decrease of the Marangoni number. But
should keep in mind that these data represent in fact dim
sionless values scaled for convenience of presentation
prior chosen value ofc0KLGm ~see the end of the section o
mathematical formulation!. In the case when the decrease
7-7



f small-

N. M. KOVALCHUK AND D. VOLLHARDT PHYSICAL REVIEW E 69, 016307 ~2004!
TABLE IV. Dependence of the auto-oscillation characteristics on the exchange number (Sc51500, Ma
55.43109).

NE

Induction
period ~min!

Oscillations
period ~min!a

Oscillations
amplitude
~mN/m!b

Maximum of
velocity value

~mm/s!b

Minimum of
velocity value

~mm/s!b

47c 35.5 2.6/ 2.6/ 0.0027/
94 34 41 3.3/0.8 3.3/0.027 0.0043/0.0072
190 32.9 21 3.9/0.4 4.2/0.045 0.0027/0.023
330 32.2 99 4.2/6.3 5.0/0.34 20.0015/20.008
470 31.8 75 4.3/5.5 5.9/0.47 20.005/20.0111
940 31.3 36 4.3/3.5 7.4/0.79 20.013/20.0177
9400 30.6 9 3.2/0.7 19.3/2.67 20.083/20.068
33 000 30.5 6 2.3/0.3 36.5/4.3 20.129/20.1
47 000 30.5 1.7/ 45.0/ 20.144/
94 000 30.4 0.6/ 62.8/ 0.08/

aThe mean value for the third to sixth oscillations.
bNumerator, for the first oscillation; denominator, the mean value for the third to sixth oscillations.
cValues for the repeated oscillation are not shown because of the big difference in the characteristics o
and large-amplitude oscillations~see Fig. 6, curve 6!.
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the Marangoni number is due to a decrease, for example
c0 , the dimensional oscillation amplitude decreases, and
certain small Ma the oscillations can even become undet
able in experiments.

With decreasing Marangoni number Ma, the critic
Schmidt number decreases and the critical aspect ratio
creases.

Effect of the exchange number

The characteristics of the auto-oscillations in depende
on the exchange number are given in Table IV. The dim
sionless parameterNE5L/KLGm determines the intensity o
the normal diffusion flux to or from the surface. The larg
NE is, the larger is the surfactant flux at a certain norm
concentration gradient. At the same time, the parameter
fluences the value of the normal concentration gradient,
pecially during the induction period. The normal surfa
concentration gradient~related to the same time moment!
decreases with an increase of the exchange number, whi
illustrated in Fig. 5~a!.

It was also found~accepting the same criterion for th
instability onset as in the previous section! that the critical
value of the normal concentration gradient and conseque
the local Marangoni number for the first oscillation is a
proximately inversely proportional to the exchange num
~by keeping Sc and Ma constant!. In other words, the insta
bility arises in the considered system when a surfactant
to the interface,NE]c/]z, exceeds a threshold value that
almost independent of the exchange number. That is why
instability arises at rather similar times in the systems w
different NE , i.e., this parameter has only a small influen
on the induction period value. The induction period d
creases only slightly with an increase of the exchange n
ber in all ranges of the studied parameter values.

At the instability onset, a correlation of convective a
diffusional surfactant transfer in the instability region is pra
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FIG. 5. Radial distribution of the dimensionless normal conc
tration gradient for Ma55.43109, Sc51500: a, for t520 min; 1,
NE59400; 2,NE5940; 3, NE5280; 4, NE594; b, for the time
moments, when the normal concentration gradient reaches its m
mum; 1,NE594 000; 2,NE59400; 3,NE5940; 4,NE594.
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EFFECT OF SUBSTANCE PROPERTIES ON . . . PHYSICAL REVIEW E69, 016307 ~2004!
tically independent of the exchange number. The convec
fluxes are on average 0.1% of the diffusional fluxes. T
growth rate of the velocity is small at the instability ons
and increases rather slowly. Only when convective flu
become larger than diffusional does the instability deve
very quickly. The normal concentration gradient becom
less dependent onNE in this stage due to convective supp
of the surfactant@Fig. 5~b!#. Thus the surfactant flux to th
interface becomes larger the larger the value ofNE is. That is
why the velocity increases more rapidly and reaches la
values for larger exchange numbers. All the other proces
occur more quickly in systems with largeNE , particularly
when fading of instability. The period of the repeated osc
lations depends strongly on the exchange number bec
the convection plays a more important part at this time th
during the induction period; moreover, the convective flux
are larger for larger values ofNE .

The essential increase of the surface concentration
corresponds to the time when convective fluxes begin to
ceed the diffusional. Oscillation amplitude is determined
the value of the surfactant flux, by the area where the flu
directed to the surface, and by the time during which
surfactant is supplied to the interface. The surfactant flu
larger the larger the exchange number is. The duration of
surfactant supply decreases with an increase of the exch
number. For example, the time between the beginning of
essential change of the surface tension~i.e., the end of induc-
tion period! and the moment of minimum value of the su
face tension forNE5940 is about three times larger than f
NE59400. The area through which the surfactant sup
takes place decreases with an increase of the exchange
ber as well@Fig. 5~b!#. As a result of the common action o
these factors, the nonmonotonous dependence of the os
tion amplitude on the exchange number takes place~Table
IV !.

The way in which the system goes to equilibrium depen
essentially on the exchange number, which is illustrated
Fig. 6. At large parameter values, a regime with a sin
oscillation takes place~Fig. 6, curve 1!. The surface velocity
in this regime is too large and cannot be suppressed by
reverse concentration gradient. With decreasingNE , several
oscillations appear in the system before it passes to
nonoscillating ~continuous! regime ~Fig. 6, curve 2!. The
maximum surface velocity decreases and the oscillation
plitude increases with a decrease of exchange number.
ready in the case given in Fig. 6, curve 2, the amount of
surfactant spread over the interface after the first oscilla
is enough to build up the sufficient reverse concentrat
gradient, and the amount of the surfactant supplied to
wall region beneath the surface is sufficient to support
reverse gradient during the time needed to create a st
reverse convective roll. The repeated oscillation appear
the system. But these are transient oscillations with ra
small amplitude, during which the mean value of the surfa
tension increases with time. By appearance of the oscilla
with larger amplitude characterized also by a larger surf
velocity ~the fifth oscillation in Fig. 6, curve 2!, the amount
of the surfactant accumulated in the wall region becom
insufficient to hold the reverse concentration gradient dur
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a long time. The reverse convective roll does not propag
to the capillary region and the system passes to the nono
latory regime. By a further decrease of the exchange num
the system passes to the regime with stable repeated os
tions, and just after the oscillation with larger amplitude, t
common oscillation with gradually decreasing mean value
the surface tension begins instead of the transient oscillat
The transient oscillations disappear completely at smallerNE

values~Fig. 6, curve 3!. Regimes with repeated oscillation
exist by parameter variation in a wide range. It is seen fr
Table IV that the maximum of the negative velocity d
creases with the decrease of exchange number, and ev
ally the situation is reached when the reverse convective
does not propagate to the capillary. The system passes t
regime with damping oscillations~Fig. 6, curve 4!. The fur-
ther decrease of the exchange number leads to a decrea
the damping due to a decrease of the surfactant flux to
interface, and after some oscillation of the small amplitu
and nearly symmetrical shape, the oscillation of the lar
amplitude typical for the auto-oscillation asymmetrical sha
appears in the system~Fig. 6, curve 5!. The reverse convec
tive roll begins to extend again to the capillary region. T
regime with large oscillation amplitude appears earlier b
further decrease of the exchange number~Fig. 6, curve 6!.
The average oscillation characteristics for the regime, co
sponding to curve 6 in Fig. 6, are not given in Table
because of a too big difference in the characteristics of sm
and large-amplitude oscillations. The range ofNE values cor-
responding to the fading oscillations regime increases wit
decrease of the Schmidt number and with an increase of
Marangoni number. Transition to the nonoscillating regim
~at large exchange numbers! shifts to smallerNE values
when the Marangoni and Schmidt numbers decrease.

Effect of the parameter Ds ÕD

The parameterDs /D determines the intensity of the su
face diffusion. An increase ofDs /D promotes the smoothing
of the surface concentration gradients and leads to sys
stabilization. At the same time, the calculations show that
contribution of the surface diffusion to the surface mass b
ance is rather small, i.e., the surface diffusion fluxes
Ds /D51 are some orders of magnitude less than the flu
due to the surface convection and diffusion from the bu
An increase ofDs /D up to 1000 leads only to a small in
crease of the induction period~about 7%! and oscillation
period ~about 2%! and practically does not influence the o
cillation amplitude.

Effect of the soluteÕsolution properties and comparison
with experimental data

The bulk diffusion coefficient and the solution viscosi
are included in the Schmidt and Marangoni numbers.
increase of the diffusion coefficient leads to a decrease
both numbers and therefore to an increase of the dimens
less induction and oscillation period. At the same time,
diffusion coefficient is part of the scaling factor for the tim
The last effect is much stronger and the dimensional val
7-9
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FIG. 6. Surface tension~a! and surface velocity~b! vs time for Ma55.43109, Sc51500: 1, NE594 000; 2,NE547 000; 3,NE

5940; 4,NE5190; 5,NE594; 6,NE547.
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of the period decrease with an increase of the diffusion
efficient. The system passes to the nonoscillating regim
D larger than some critical value depending on the ot
system characteristics. The results are clear from a phys
point of view: the mass transfer during the slow stage
comes faster when the diffusion coefficient increases, res
ing in a decrease of the induction period and the oscillat
period. At large enough diffusion coefficient, the rever
concentration gradient occurring near the wall due to c
vection is destroyed rather quickly by diffusion, which pr
vents the development of the reverse convective roll
leads to nonoscillating system evolution. The oscillation a
plitude decreases with an increase of the diffusion coeffic
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rather slowly in accordance with the opposite effects of
Marangoni and the Schmidt numbers.

An increase of the solution viscosity leads to an incre
of the Schmidt number and to a decrease of the Marang
number. In this case, both numbers influence the amplit
change in the same direction, and the amplitude increa
considerably with the viscosity increase. The induction p
riod increases as well in accordance with the stronger in
ence of the Marangoni number on this characteristic. M
complicated is the viscosity effect on the oscillation perio
A decrease of the Marangoni number causes an increas
the oscillation period. An increase of the Schmidt numb
from 1500 to 15 000 leads to the same result. Thus, at la
7-10
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TABLE V. Effect of the solute/solution properties on the oscillation characteristics.

Property
~increase of the values!

Induction
period

Oscillation
period

Oscillation
amplitude

Nonoscillating
regime

Bulk diffusion coefficient↑ ↓ ↓ ↓ D.Dcrit

Solution viscosity↑ ↑ ↑ at largem
↓ at smallm

↑ n,ncrit

Solution density↑ ↑ ↑ at larger
↓ at smallr

↓ r.rcrit

Surfactant activity (a5KLGm)↑ ↓ ↑ ↑ a,acrit1

acrit2,a,acrit3

(acrit1,acrit2)
Surfactant solubility↑ ↓ ↓ ↑
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enough solution viscosities~larger than water viscosity in th
considered parameter range!, the oscillation period increase
with viscosity increase. On the contrary, at small solut
viscosities, the viscosity increase leads to a weak decrea
the oscillation period due to the stronger effect of t
Schmidt number. When the solution viscosity is smaller th
a certain critical value, the system passes to the nonosc
ing regime due to a decrease of the feedback between
centration gradient and velocity.

An increase of the solution density leads to a decreas
the Schmidt number and therefore to a decrease of the o
lation amplitude and to a weak increase of the induct
period. The oscillation period increases with density incre
at its large values~compared to water density! and decrease
at small values. The system passes to a nonoscillatory sta
large enough solution densities.

The effect of the Langmuir isotherm parametersGm and
KL on the auto-oscillations characteristics is very simil
which is why we will consider here only the effect of th
surfactant activitya5KLGm . An increase of the surfactan
activity leads to an increase of the Marangoni number an
a decrease of the exchange number. As a result, the indu
period decreases with activity increase according to
stronger influence of the Marangoni number on this char
teristic, but the oscillation period increases due to the str
ger influence of the exchange number. The dimensional
cillation amplitude increases due to the stronger influence
the exchange number and mainly due to scaling of ads
tion by c0KLGm . The nonoscillatory regime can appear
small activities as well as in a certain range of the mid
parameter values.

The surfactant solubility is included only in the Ma
rangoni number. Therefore, the induction period and osc
tion period decrease with an increase of the solubility, a
the oscillation amplitude increases considerably, espec
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due to scaling of adsorption byc0KLGm . The influence of
the system properties on the oscillation characteristics
summarized in Table V.

The surfactant solubility and the parameter of Langm
isotherm KL are also included in the multiplier 1/(1
2KLc0G) 5(11KLc0c)uz50 , which, together with the Ma-
rangoni number, appears in the equation of tangential st
balance~5!. Obviously, the effect of this multiplier is negli
gible during the induction period, when the surfactant co
centration at the interface is very small, which is confirm
by results of the numerical simulation. At the same time, t
multiplier influences the oscillation period strongly enoug
An increase of the valueKLc0 leads to a decrease of th
oscillation period. The effect of the surfactant solubility
especially important, as the influence of the Marangoni nu
ber on the oscillation period is rather weak. For example
is seen from Table II, an increase on the Marangoni num
from 5.43109 to 5.431010 leads to a decrease of the osc
lation period from 36 min to 35 min, whereas the corr
sponding increase of the surfactant solubility~from c0
53.4 mol/m3 to c0534 mol/m3) causes a decrease of th
oscillation period to 19 min. The influence of the multiplie
1/(12KLc0G) due to a change ofKL is less essential in
comparison to the effect of the exchange number.

The effect of surfactant properties on the auto-oscillatio
characteristics was studied experimentally for the series
the middle chain aliphatic alcohols@18#. It was established
that the oscillation period~as well as the induction period!
decreases rather strongly with a decrease of the alcohol c
length. That is, it changes from about 15 min for nonanol
less than 1 min for pentanol. The oscillations amplitude a
decreases, but much more slowly.

Dependence of the surface tension versus time was ca
lated by using the mathematical model proposed in@21# for
three surfactants, taking the properties of octanol, hepta
and hexanol given in@18# ~Table VI!.
TABLE VI. Properties of the middle chain aliphatic alcohols@18#.

Substance r (g/cm3) D (1026 cm2/s) c0 (1026 mol/cm3) KL (106 cm3/mol) Gm (10210 mol/cm2)

octanol 0.827 6.67 3.4 3.23 6.6
heptanol 0.822 7.18 14 0.62 7.7
hexanol 0.819 7.81 58 0.23 6.2
7-11
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A simple analysis of the data of Table VI shows that t
values of the Schmidt and Marangoni numbers as well as
multiplier 1/(12KLc0G) differ insignificantly for the three
chosen substances. The difference in the diffusion coe
cients should lead to small increase of the oscillation per
with an increase of the chain length according to the ti
scaling. The difference in the oscillations characteristics
determined mainly by the change of the exchange num
By invariable system geometry, the exchange number
creases with an increase of the alcohol chain length. Th
fore, the calculated values of the oscillation period and a
plitude as well as the value of the induction period~to a
lesser extent! increase with an increase of the alcohol cha
length ~Fig. 7!. The calculated value of the critical capillar
immersion depth, which, when exceeded, causes the sy
to pass from a nonoscillatory to an oscillatory regime, d
creases with an increase of the alcohol chain length~cell
radius is kept constant!, which corresponds to experiment
The obtained numerical results are in good qualitative ag
ment with the experimental data. However, to reach a qu
titative agreement, a more complicated mathematical mo
is needed, which takes into account the buoyancy effec
well as such other effects as surfactant evaporation and
terface deformation.

CONCLUSIONS

Numerical simulation of the processes occurring in
system where a surfactant droplet is dissolved under
water-air interface is fulfilled on the basis of the mathema
cal model, taking into account the convection driven by
Marangoni effect and convective diffusion together w
adsorption/desorption processes at the air-water interfac
is shown that the system behavior is determined by thre

FIG. 7. Surface tension vs time~numerical results!: 1, octanol;
2, heptanol; 3, hexanol.
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the dimensionless parameters: the Marangoni number,
Schmidt number, and the exchange number. The effect of
ratio of the surface and the bulk diffusion coefficients, whi
also appears by the dimensionalization of the govern
equations, is practically negligible.

The Schmidt number influence is rather small for the
duction period and the oscillation period. The oscillation a
plitude increases with an increase of the Schmidt num
When the parameter value becomes less than a certain
cal value, the system passes to the nonoscillatory state.

The Marangoni number, which appears in the dimensi
less form of the surface stress balance equation, is a gl
number and characterizes the system as a whole. The o
of instability in the system is determined by the local M
rangoni number, which is a product of the global number a
the dimensionless normal concentration gradient near
surface. The local Marangoni number in the considered s
tem depends on coordinates and changes with time.
larger the global Marangoni number is, the smaller is
normal concentration gradient needed to reach the crit
value of the local Marangoni number. That is why the indu
tion period and the oscillation period decrease with an
crease of the global Marangoni number. The oscillation a
plitude decreases rather weakly with an increase of
Marangoni number. Only oscillatory regimes are obtain
for the studied range of the Marangoni numbers.

The exchange number determines the solute flux from
bulk to the interface or back. It practically does not influen
the induction period, but the oscillation period and amplitu
decrease strongly by an increase of the exchange num
The way in which the system goes to the final equilibriu
concentration distribution depends essentially on the
change number. When it exceeds a certain critical value,
system passes to the nonoscillatory regime. There is al
region of the middle values of the exchange numbers wh
oscillations are damped very quickly.

The critical value of the local Marangoni number depen
on the exchange number, pointing out that the value of
flux to the interface rather than the concentration gradien
responsible for the instability onset.

Analysis of the numerical results permits us to establis
criterion for the instability onset in the considered syste
where the convective motion develops initially due to t
tangential concentration gradient. In the considered syst
the growth rate of the stable convection decreases with ti
and the time moment corresponding to the minimum of
velocity growth rate can be accepted as an estimated~from
above! value for the instability onset.

The effect of substance properties on the appearance
characteristics of the surface tension auto-oscillation is a
studied. The induction period decreases with an increas
the bulk diffusion coefficient, surfactant activity, and solub
ity, but increases with an increase of the solution viscos
and density. The oscillation period decreases with an
crease of the bulk diffusion coefficient and surfactant so
bility, but increases with an increase of the solution viscos
and density~with the only exception being small viscositie
and densities! and surfactant activity. The oscillation ampl
7-12
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tude increases with an increase of the solution viscosity,
factant activity, and solubility, but decreases with an incre
of the bulk diffusion coefficient and solution density. The
exist critical values of the bulk diffusion coefficient, surfa
tant activity, solution viscosity, and density that divide t
oscillatory and nonoscillatory path in the system evolutio
The critical values depend on other substance properties
ac
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The results of the numerical simulations are in go
qualitative agreement with the experimental data for a
phatic alcohols.
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